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IN THEIR fundamental work[S] on analytic structures on the complex projective spaces Hirze- 
bruch and Kodaira show in particular the following result in dimension two: If X is a compact 
complex Klhler manifold homeomorphic to the complex projective plane p = p(C) and with 
negative canonical line bundle, then X is analytically isomorphic to p. Indeed, it is easy to 
check that more is true (Proposition 4, Corollary 5 below): If X is a 2-(complex)-dimensional 
compact complex manifold with H,(X, Z) = 0 and second Betti number b*(X) = 1, then X is 
projective algebraic and II*(X, Z) is generated (over Z) by the Chern class of a positive (ample) 
line bundle L. If L admits a non-trivial section (which will be the case if the canonical bundle 
KX is negatiue) then X is biholomotphic to p. 
The purpose of this paper is to show by example that nevertheless there exist singular 
compact 2-dimensional complex spaces X which are homotopy equivalent with p, with 
H*(X, Z) = H*(p, Z) generated by the Chern class of the bundle of a positively embedded 
divisor P, and even with negative “canonical” bundle; and secondly, to give a uniqueness result 
in the form of an algorithm for constructing such spaces. In particular we show (Theorem 6 
below): Let X be a 2-dimensional compact complex analytic space each of whose singular 
points is an isolated rational double point. Suppose that II*(X, Z) is isomorphic to Z[t]/(t3) and 
is generated by the Chem class of the line bundle of a holomorphic divisor T. Then X is 
biholomorphic either to p or to a singular rational projective algebraic surface obtained from 
p by the successive application of precisely 8 monoidal transformations followed by the 
collapsing of a curve with precisely 8 analytic components, each a non-singular rational curve 
with self-intersection - 2, to 1 or more singular points. Every such space X is homotopy 
equivalent to p, and the generator T may always be taken to be the divisor of a non-singular 
elliptic curve contained in the regular points of X. 
01. UNIQUENESS RESULTS 
By a surfuce we shall mean a reduced, irreducible two-dimensional complex analytic space, 
with or without singularities, not necessarily compact. If (X, Ox) is a compact surface we shall 
use the classical notation for its standard numerical characters: bi = dim H’(X, R), the ith Betti 
number; b’, b-, b”, the dimensions respectively of the positive, negative, and null eigen spaces 
of the intersection pairing (cup product pairing) H*(X, R) x H*(X, R) + H4(X, R) = R, where the 
last isomorphism is given by evaluation on the fundamental Ccycle [X] with orientation 
determined by the complex structure; and q = dim H’(X, Ox), pg = dim H*(X, Ox) respectively 
the irregularity and geometric genus. We shall use additive notation in the Abelian group 
H’(X, 0%) of (isomorphism classes of) holomorphic line bundles on X. A surface is normal if it 
is normal as a local ringed space, i.e., if each stalk of the structure sheaf is integrally closed in 
its field of quotients. In this section we study the properties of those normal compact surfaces 
which have the integral cohomology ring of complex’ projective space, setting aside existence 
questions until the concluding section. 
Let X be a compact surface and let n: X +X be a resolution of the singularities of X. That 
is, X is a two dimensional compact complex manifold and 7r is a proper holomorphic surjection 
mapping a Zariski open subset of X biholomorphically onto the set of regular points of X. Since 
a great deal is known about compact non-singular surfaces-in particular we have Kordaira’s 
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monumental work[+a natural way to study a surface X with singularities is first to examine 
the non-singular model X and then to investigate the structure-preserving properties of the map 
IT. 
Definition. Let X be a normal surface with singular set P (necessarily discrete). Let 
7r: X+X be a resolution of singularities. n is called normal if the curve C = r-‘(P) is the 
union of non-singular components meeting (if at all) transversally and no three in a point. r is 
minimal normal if it is normal and if any other normal resolution 7j: X+X factors through 
7~: 7i = +~p for some holomorphic map p: R+x (indeed, any such p is necessarily just the 
inverse to a sequence of monoidal transformations). Finally, P is minimal if it is minimal in the 
sense just described among all resolutions, normal or not. The existence and uniqueness of the 
minimal and minimal normal resolutions are discussed in [7], Chapter 5. 
We will make repeated use below of the following summary of facts. A complete proof is 
given in [4]. 
1. LEMMA ([4], Corollary 3). Let X be a normal compact surface with singular set P, and let 
IT: $ + X be the normal minimal resolution of singulutities, with exceptional curve C = n-‘(P). 
Put 
u*(P) = dim H2(C, R) = nu,$ of irreducible componenfs Ci of C, 
Q*(P) = dim H’(C R) = (2 & g(Ci)) + g(C), 
where g(Ci) is the genus of the non-singular curve Ci and where g(C), the so-culled genus of the 
dual graph of C, is so defined. Denote by 
e(X) = 5 (- 1)’ dim H’(X, R) = f: (- l)‘bi(X), 
i=O i=O 
x(0x) = go t- 1)’ dim H’W, OX)= 1 - q(X) + p,(X) 
the Euler number and Euler characteristic of X (and similarly for J?), and by 9c the locally 
principal ideal subsheuf of 02 consisting of germs of functions vanishing on C. Finally, if 9 is 
any sheaf on J?, by R’r*9 we mean the first right derived sheaf of 9 via q-i.e., the sheaf on X 










(i) b’(x) = b’(X), 
(ii) b-(2) = b-(X) + u,(P), 
(iii) b2(x) = b2(X) + u2(P) - b’(X), 
b,(z) = b,(X) + (al(P) - b’(X)), 
e(2) = e(X) + u2(P) - u,(P), 
b3(X) - b,(X) = u,(P) - b’(X) L 0, 
0 5 q(k) - q(X) = u,(P) - b’(X), 
with q(z) = q(X) Q u,(P) = b’(X), 
0 I pg(X) -p,(2) I b’(X) + dim H”(X, R’lr*Sc), and 
x(0x) - x(02) = d.iypFo(X, R’lr&) 
= ( 2 g(G)) + g(C) + &dh (R’~*&L 
For later use we also record here the following. 
2. LEMMA ([4], Proposition 6). Let X be a normal compact surface with b2(X) = 1 and 
b3(X) # 1. Suppose that X admits a holomorphic line bundle L with L2 f 0. Then X is projective 
algebraic. 
From these results we can immediately read off several properties of the spaces under study 
in this paper. 
Definition. An isolated singular point x of a surface X is called topologicully rational if 
H’(m-‘(x), 2) = 0 for some (hence any) resolution P: X+X of the singularity of X at X; x E: X 
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is called unulyfically rational if (R’?J*~~-I&. = 0 for some (hence any) such a; and x is 
rational if it is both topologically and analytically rational. 
3. PROPOSmON. Let X be u normal compact surface with b2(X) = 1 and bJ(X) = 0. Then 
(1) b,(X) = q(X) = bO(X) = b_(X) = 0, and b’(X) = 1; and 
(2) each singular point of X is topologicully mtionul, and p,(X) = Z& dim (R’rr&,-I(,,), 
(notation us in Lemma 1 above) for any resolution ‘IT: 2 +X. In particular, p,(X) = 0 e X has 
only rational singular points. 
Proof. Let 8: X+X be the minimal normal resolution of the singularities of X. By Lemma 
1, parts (2) and (3) (i), b&) = b3(X) = 0 and b’(x) = b’(X) 5 b*(X) = 1. Thus b’(2) = 0 or 1 
and by Poincare duality b,(2) = 0. But for a non-singular surface with b, even we have the 
relations 
b, = 2q, 
b+=2p,+l 
(Kodaira, [6], Theorem 3, page 755). Thus we conclude that q(2) = p,(z) = 0 and b’(x) = 1. 
Now the assertions of the proposition are immediate: b’(X) = 1 = b*(X) j b’(X) = 1, 
b-(X) = b’(X) = 0 by Lemma 1, (3) (i), whence by Lemma 1, (4) and (7), b,(x) = q(g) = 
03 b,(X) = q(X) = al(P) = 0, for u,(P) as in that lemma the dimension of H’(C,R) for 
C = ?r-’ ({singular points of X}) the exceptional curve of 7~ on X In particular al(P) = 0 (i.e., X 
has only topologically rational singularities) implies that each component of C is a non-singular 
rational curve and that the dual graph of C contains no cycles (g(C) = 0 in the notation of 
Lemma 1). Thus the relation 
p,(X) = dim H’(X, R%r*.&) = c dim (R’lr*9,-+,,), 
XEX 
follows from Lemma 1, (9), and p,(2) = q(2) = q(X) = 0. This completes the proof. 
The stmcture of X 
Proposition 3 is evidently the best we can do (even in the non-singular case) by way of 
drawing conclusions about a space X from restrictions on the Betti numbers alone. For 
instance, it is not even known whether or not there exists a compact two-dimensional complex 
manifold X which is difleomorphic to p but not analytically isomorphic. (Such a space would 
of course satisfy H,(X, 2)~ H*(p, Z), would have q = ps = 0, and would necessarily be 
projective algebraic of general type (canonical dimension 2).) In this subsection, however, we 
introduce a natural geometric condition-the existence of a certain curve on X-in the 
presence of which we can pin-point the structure of X precisely, provided we also make the 
appropriate restrictions on the singular points. 
Definition. A compact surface, with or without singularities, is called rational if it is 
bimeromorphically equivalent to the complex projective plane p. 
4. PROPOSR~ON. Let X be a compact surface with b2(X) = 1. Suppose that H,(X, 2) = 0 and 
that each singular point of X is u rational double point. Then X is projective algebraic and 
H2(X, 2) is generated over Z by the Chem class of a positive line bundle L. If L admits u 
holomophic section not identically equal to zero then X is rational-indeed in this case either 
(a) X is p2 itself,t 
(b) X is the singular quadratic hypersurface Q; = {x2+ y2+ z* = O}C p, or 
(c) X is obtained from p by the successive application of some number s, 3 5 s : 8, of 
monoidul trunsformutions, followed by the blowing down of precisely s non-singular rational 
curves, each with self-intersection - 2. 
5. COROLLARY. p is the only 2-dimensional compact complex manifold with integral 
homology groups HI = 0 and HZ = Z generated by a holomorphic cycZe. 
tFor emphasis and ease of exposition we generally do not discriminate in this paper 
biholomorphic and so write, e.g., “X is 3 itself” for “X is biiolomorphic to P, etc. 
between spaces which are 
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Proof (of Proposition 4). Denote by P the set of singular points of X, let 7~: X+X be a 
resolution of singularities and put C = n-‘(P). We have then the induced exact commuting 
diagram of pairs 
Since P is a homeomorphism of X - C onto X - P and collapses each connected component of 
C to a distinct singular point x E P, the maps +i are all isomorphisms. By dimension 
Hi(P; 2) = OVi > 0 and Hi(C; 2) = 0 for i > 2. HI(C; 2) = 0 by rationality of the singularities, 
and H,(X; 2) = 0 by assumption. Chasing the diagram for i = 1 now shows that H,(X; 2) = 0. 
And by Poincare duality on the compact Cmanifold k we have then 
H3(X; 2) = Tor (H*(X; 2)) = 0, 
where Tor (A) denotes the torsion part of an Abelian group A. 
Switching now to the cohomology sequence 
O---+H*(X,P;Z)~ H2(X;Z)-0 
we have immediately that 7~~: H*(X; Z)+ N*(X; Z) is injective, whence also Tor (H*(X: Z)) = 
0, and so, recalling the hypothesis b*(X) = 1 we conclude that 
H2(X; Z) = z. 
Now consider the diagram 
H’W, 6x) - mx f-m c\ H2(X, Z) - H2(X, Ox) 
induced by the exponential mapping 0~ + OS, where c is the Chern class map. From the first 
paragraph above and Lemma 1, (2), we have bj(X) = &(X) = 0, whence Proposition 3 applies to 
give H’(X, 0~) = 0 and, the singularities being rational, H*(X, 0~) = 0. Thus c: H’(X, 6%))-, 
H*(X, Z) = Z is an isomorphism: 
H ‘(X, 0%) = z. 
Let L+ X be a homomorphic line bundle generating this group. By Proposition 3, b’ = 1 = 
b2; thus L* > 0. By Lemma 2, then, X is projective algebraic. But then X admits a positive line 
bundle (the pull-back of the hyperplane bundle on p for some projective embedding, for 
instance), and since every holomorphic line bundle on X is (isomorphic to) some multiple of L 
it follows that either L or - L is positive. Without loss of generality, then, we may suppose that 
the generator 1, is positive, and the first part of the proposition is proved. 
Now suppose that L admits a section af 0. We may assume that the resolution P: k +X is 
the minimal normal resolution. We want to show that the non-singular model X is rational. For 
this we use the criterion of Castlenuovo: a non-singular algebraic surface S is rational if and 
only if q(S) = P*(S) = 0, for P*(S) = dim H’(S, 2&) the second pluri-genus. 
In any case we have s(X) = p,(X) = 0 by the tist paragraph of the proof of Proposition 3. 
Now since X has only rational double points as singularities the canonical bundle Kz on X is 
trivial in a neighborhood of the exceptional curve C = P-‘(P). (To see this well-known fact 
apply the adjunction formula 
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to the components Ci of C, and use the fact that in our case each Ci is non-singular rational with 
self-intersection -2 to conclude that at least K& is topologically trivial. Then use the fact that 
H’( L?,&) = 0 for a suitable neighborhood fr of C in X to show that Kz is in fact analytically trivial 
throughout this neighborhood. See [ 11, Theorem 2.7, page 493, e.g.) Thus K% = m*(Kx) from some 
holomorphic line bundle Kx on X. And since every line bundle on X is a multiple of the positive 
bundle L we may write 
Kx = - c,L 
for some integer cl. 
I claim that cl > 0. Indeed if not then (~*a) -‘I is a holomorphic section, not identically zero, 
of the bundle K* = T*(- c,L), contradicting p,(X) = 0. But then neither can the bundle 2Kz 
have a non-trivial section, for if 7 E P(X, 2K*), T+ 0, then, rational singularities being normal, 7 
gives rise to a section STAT of 2Kx, whence (a*r)o 2cl is a holomorphic function on the compact 
space X which has zeros (L is not trivial because of L2 > 0) but is not identically equal to zero. 
Thus P&) = 0 and X is rational as claimed. But then so also is X rational, being birationally 
equivalent to X via the map ?r. 
It remains only to see how such a surface X can come about-that is, to show that one of 
(a), (b) or (c) of the proposition holds. First, since X is non-singular rational it is derived from 
one of the minimal non-singular rational surfaces S,,,, or from P, by blowing up points. Here 
S,,,,m =0,2,3 ,..., denotes the unique minimal non-singular rational surface whose base curve 
B, satisfies (B,)’ = - m ; that is, S,,, is the P’-bundle on P’ which compactifies the mth tensor 
power of the tautological bundle. But X cannot contain a non-sing&r rational curve D with 
D2 < - 2. For since L is positive on X, r*(L) admits a fibre metric p whose curvature form, 
- dalog p, is positive semi-definite on 2, positive definite on k - C, and for x E C, positive on 
all vectors at x not tangent to some component of C. Thus for any curve D on X, n*(L) . D 2 0 
with equality holding only if D c C. Thus for D non-singular rational the adjunction relation 
Kg-D=-c&r*(L)+)=-2-D’ 
shows that @ L - 2 and d > - 2 for D not a component of C. From this we conclude that X is 
derived, by blowing up points, from either &, So = P’ x P’, or P. 
Now if 2 is S2, then X is isomorphic to Q$ C P, and we are in case (b) of the proposition. 
To see this simply check that by blowing up the origin in C3 C P we resolve the singularity of 
Q$ = {x2 + y2 + z* = 0}, (x, y, z) a&e co-ordinates on C’, and that the resulting surface X is 
rational with (~~‘(0))~ = - 2. The claim then follows by tautness of rational double points ([7]): 
On the other hand, 2 surely cannot be So. And since “So with one point blown up” is 
isomorphic to “p with 2 distinct points blown up”, and “Sz with one point not on the base 
curve (Iest 2 contain a curve with self-intersection I - 3) blown up” is isomorphic to “p with 
one point blown up twice” we conclude that unless X = S2, X is in fact derived from P by the 
successive application of some number s L 0 of monoidal transformations. 
NOW if s = 0 then 2 = X = P (case (a) above). s = 1 and s = 2 cannot occur, for if s - 1 
then W: k +X factors through p2 (so r was not minimal among normal resolutions), and if 
s = 2 then 7r factors either through p or S2. (s = 3, however, strictly occurs as we shah see.) 
On the other hand I claim that s 5 8. To see this we use fact that for rational surfaces S, 
(*) (KS)’ = 10 - L+(S). 
This is a special case of the No&her formula (Riemann-Roth applied to the trivial bundle) 
--Qr note that (*) is true for S = p and is preserved under mono&l transformations and their 
inverses. Since in our case (Kg)* = (- c#(L))~ = c,*L* > 0 and b2(2) = s + 1, (*) implies the 
desired conclusion s 5 8. 
To finish the proof of the proposition there is one more thing to note. From Proposition 3, 
(l), b’(X) = 0, and thus Lemma 1, (3) (ii& implies that b&) = 1 + s = bz(X) + the number of 
components of C. Since bz(X) = 1 we con&de that X is obtained from X by the collapsing to 
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points of precisely s non-singular curves Ci. But the exceptional curve in the minimal normal 
resolution of a rational double point is well-known to have only rational components, each with 
self-intersection -2. This completes the proof. 
Cohomology Ps 
As a corollary to the preceeding proposition we immediately obtain our main uniqueness 
result/constructive algorithm. 
6. THEOREM. Let X be Q compact complex surface each of whose singular points is an 
isolated rational double point. Suppose that H*(X, 2) = H*(p, 2) (as rings), with H2(X, 2) 
generated by the Chem class of the line bundle of a holomorphic divisor T. Then ’ 
(1) X is biholomorphic either to p itself or to a singular rational projective algebraic surface 
obtained from p by the successive application of precisely 8 monoidal transformations 
followed by the blowing down of precisely 8 non-singular rational curves, each with self- 
intersection - 2, and 
(2) there exists a continuous mapping 4: X -+p which is a homotopy equivalence. 
Proof. To check (1) it suffices, by Proposition 4, to show that the number s of components 
of the exceptional curve C in the minimal normal resolution a: X T, X is exactly %-that is, that 
b*(X) = 9. Consider again the Noether formula 
(*) b2(X) = 10 - (K*)2. 
Now as in the proof of Proposition 4, Kz = a*(- c,[I+l) for some positive integer cl, and by the 
hypothesis H*(X, 2)s H*(p, 2) we have ([I’l)2 = 1 ([F”j* = - 1 is disallowed by b-(X) = 0). 
Thus (*) becomes 
(*)I b*(X) = 10 - c,~. 
A priori the possibilities are cl = 1,2, or 3. But c1 = 3 + b*(X) = 1 I$ X = X = I?. As for cl = 2, 
this cannot occur, as is seen by applying the Riemann-Roth theorem to the line bundle ?r*([IJ): 
x(~(~*wl))) = ; ((bawl))* - K% * cowl)) + x(G?) 
=i(l+c,)+ 1. 
Since this last number must be an integer, cl cannot be even. 
There remains only cl = 1, b*(X) = 9, which was to be proved. 
For part (2), let 4: X --) BU(1) be the homotopy equivalence class of mappings of X into the 
classifying space for circle bundles which realizes the bundle - [I-J. By cellular approximation 
we may find a representative 4 of 4 taking its image in the Cskeleton = p of M(1). Since 
H*(X, 2) = H*(p, 2) is generated by - [IJ, 4 is a homology equivalence. By the Whitehead 
theorem, then, 4 is indeed a homotopy equivalence provided only that X is simply connected. 
Now certainly ri’ at least is simply connected since it is derived from the simply connected 
manifold p by blowing up points. But topologically the map 72: X+X is just a sequence of 
natural projections Xi + X. ,+, where each step collapses a topological component of C to a 
point. Such projections are well-known to induce surjections of fundamental groups provided 
the quotient space is locally simply connected (see, e.g. [9], Theorem 1). This condition is 
certainly verified in our case since each singular point of X admits a 
topologically the cone on some smooth 3-manifold ([lo], Theorem 
connected implies the same for X. This completes the proof. 
42. ExAMPLE!s 
neighborhood which is 
2.10). Thus X simply 
In this section we show that our Theorem 6 is not in fact vacuous. Thus we shall actually 
carry out the procedure outlined there and verify that we do indeed obtain examples of singular 
analytic surfaces which are homotopy equivalent to p. 
Now a rational double point x E X is completely determined by the dual graph associated to 
the exceptional curve C sitting above x in the minimal resolution 7~: X+X (in this case the 
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minimal resolution is already normal). These are completely classified as follows: 
A,,n=1,2,... - - - - * 
D,, n = 45, . . . L--B 
E,,n=6,7,or8 ----- 
(see &tin[2], page 135). Here each dot represents a non-singular rational curve Ci C C with 
self-intersection - 2, and a line connecting two dots means that the corresponding curves 
intersect. The index n is the total number of components of C. In applying the method of 
Theorem 6 we will be interested in those combinations of one or more such graphs whose total 
number of dots is 8. A quick listing shows that there are 39 such combinations. Not all of them, 
however, actually occur as the total graph associated to the singular points of a space homotopy 
equivalent to p. For instance, there is no compact surface homotopy equivalent to I? which 
has precisely one singular point which is a rational double point of type As. (I do not know 
precisely which of the 39 graphs occur and which do not, but I believe that the task of finding 
out, though relatively thankless, is not too difficult.) 
We proceed to the examples. In the following scheme straight lines indicate non-singular 
rational curves, starting with two intersecting projective lines L1 and Lz in p, and the number 
beside each line is the corresponding self-intersection. The curve I’0 in the first Figure 
represents a non-singular elliptic curve in p tangent to L2 at Pz and to L1 at PI and with a flex 
point at Pi. (This will provide the generating divisor I’ on the eventual singular surface X.) Each 
arrow below means that the two blackened points in the preceeding picture are to be blown up. 
I -2 
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The collection of - 2 curves now has the configuration 
Therefore these curves can be blown down to a rational double point-in fact the resulting 
space X will be locally biholomorphic to the set of .zeros in C3 of the function F(x, y, 2) = 
2 + x(x6 + y2). 
I claim that the singular space X thus constructed satisfies the conditions of Theorem 6 and 
so is a homotopy projective plane. That H’(X, R) = Hi@, R) follows from the several parts of 
Lemma 1. We need to show in addition that the groups H’(X, 2) are torsion free. This is surely 
true at least for the non-singular model X. If P: X+X is the blowing down map, x E X the 
singular point, and C = r-‘(x), then again chasing the diagram 
verifies that in this case 7ri: H’(X, Z)+ H’(X, 2) is an isomorphism on the torsion parts for 
i = 1 and i = 2, and that the same is true for i = 3 if and only if the mapping 
G2: H2(X, 2) - H2(C, 2) 
is surjective (it is always surjective over the rationals of course because the intersection matrix 
(Ci . Ci) is negative definite, hence non-singular). But this can be checked directly by simply 
exhibiting, for each of the curves Ci, a curve Di on ri’ which meets Ci transversally in a single 
point and misses Cj V i# i. For instance to find a curve meeting the center curve of C (the 
unique component meeting three others) one may take D = the proper transform in X of any 
one of the 2-parameter family of cubic curves on p which has degree of contact 4 with r,, at PI 
and degree of contact 3 with IO at P2. 
The condition H*(X, 2) = H*(p, Z) with H*(X, Z) generated by 
bundle of the divisor I= &) now follows from 
IQ= I+, 1. 
Thus the hypotheses of Theorem 6 are verified and X is shown to be 
p2. 
Example 2. 
the Chern class of the 
homotopy equivalent to 
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The - 2 curves have the configuration 
and thus can be blown down to a rational singular point locally isomorphic to the set of zeros of 
the function 
F(x, y, 2) = x2 + y3 + z5. 
The resulting space satisfies the hypotheses of Theorem 6 and so is a homotopy p. 
Remark There is a l-parameter family of cubic curves in p which meet I’,, with degree of 
contact 8 at PO, any of which provides a generator for H*(X, 2). This is consistent with the 
prediction of Riemann-Roth for X ([3], Corollary 3.1, page 45.) Here [IJ is the line bundle on 
the singular space X of the divisor r, ]r] the associated linear system, e(X), a?(P) as in Lemma 
1 respectively the Euler number of X and the dimension of H*(C, R), C the exceptional curve 
in the minimal resolution. We recall also that for these surfaces the “canonical” bundle 
Kx = - [lq): 
dim ]r] = dim H”(X, O([T’J)) - 1 
= x(Nrl)) - 1 
=;(l+l)+++3+8)-1 
= 1. 
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Example 3. That X may have more than one singular point is illustrated as follows: 
g - .$$Y$ 
-2 
-I -I -I -kff -I 5 -I -2 -I -2 - * -2 2 -2 -2 -2 
-2 
The associated graph is 
t 
D,tA,+ A, :- 
and the corresponding space X has 3 singular points. 
Finally we remark that if we are looking for singular spaces X, simply connected and 
satisfying H’(X, 2) = I-I’@, 2) for all i but not necessarily with the same multiplicative 
structure in cohomology, then the same constructions provide many examples. For instance if 
we stop after the sth blowing up in Example 2, 3 5 s I 8, and blow down the - 2 curves then 
present, the result is a singular compact rational projective algebraic surface X, with only 
rational double points as singularities, simply connected with H’(X,, 2) = 0 for i odd and = 2 
for i even, with H*(X,, 2) generated by the Chern class of the line bundle of a positive 
holomorphic divisor I’ whose support is a non-singular elliptic curve contained in the regular 
points of X,, with “canonical” bundle Kx = - [n, and with cohomology ring structure deter- 
mined by 
r*=9-s. 
The singular points of these surfaces are respectively of the following types: 
X3: A,+A,; X4: Ad; X5: 4; X6: E6; X7: E,; X8(Example 2): Es. 
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